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For our simple example,
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After 20 rounds, things look like this:

The three estimates differ in the 5th significant figure,

meaning that we have found the solution to better than

1 part in 10,000.  That’s close enough for engineering work!

This technique is called a “live solution” method because

it presents the solution to the equation without having to

run anything in Excel.  To illustrate this, if we change the

liquid volume from 500 gal (1.89 m

3

) to 1000 gal (3.79 m

3

),

the new solution appears instantly as 0.6525 m:

To make things more convenient to see, we put a pointer

formula in cell B7 to bring up the value from cell F30 into

view.
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pointer formula

for solution to

equation

We’ve created a live solution of the equation, f(h)=0,

and that solution is dependent on the value of the

liquid volume that we specify in cells B5 and B6.

We can now view this as a computing “engine” that

produces a value of h, given a value of V:

V

h

Bisection solution

of f(h) = 0
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We can now use this computing engine to solve the f(h)

equation for a range of liquid volumes, employing Excel’s

TABLE function.

The TABLE function will put these

volume values, one at a time, in

cell B5, the input cell for volume

in gallons in the upper left-hand

corner of the spreadsheet.

First, we create column headings

and a column of liquid volume

values from 100 to 31300 (just

before the tank is full).  Use

Home         Fill         Series.
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Then, we need a pointer formula in cell K2 to get the

depth in feet.  That is =B8.
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Then, we select the range of cells req’d for the TABLE

function:

and, from the menu,

Data

Data Table

Note: the column input cell field is used

because the volume values are in a

column

Click OK!

What-If Analysis
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and we now have the solution to the f(h) equation –

more than 300 times!

We can make a calibration plot of

these values:

and we can add a couple columns to the right

to display feet and inches, for ease of measurement.
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Formula for integral feet:

Formula for remainder

in inches:

and (finally!) we’re ready

to mark our calibration

tape in even increments

of liquid volume.
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Some final comments on the bisection live solution method:

1) By replacing the initial estimates of h

1

and h

2

with some

other x

1

and x

2

, and by replacing all the f(h) formulas

with some other f(x) formula, we can use the same

spreadsheet to solve another equation.

[Obviously, we would have to change the basic data

in the upper left-hand corner of the spreadsheet to

reflect the new equation being solved.]

To get the appropriate accuracy in the solution, we might

have to adjust the number of iterations (how far the table

is copied down) for another equation.  [Later, we’ll show

how this can be automated using VBA.]
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Goal Seek and Solve can also be used for this.

They have advantages, and disadvantages, when

compared to the live solution method introduced here.

It will be advantageous to know all the approaches.

2) The bisection method is one of the simplest methods

for solving nonlinear equations.  The scheme we have

developed can be adapted to more sophisticated

numerical methods, such as



false position (regula falsi ), and



Newton’s method (which uses derivatives)

Although bisection is simple, and converges slowly, it

is stable and reliable and suitable for most

engineering problems.
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Excel-based solution using formula copying

Copy formulas down
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Excel-based solution using the iterative solver

Set up Excel for iterative solving first

Office Button Excel Options

Formulas

Default settings

Typical settings

then click OK
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Setting up the iterative calculation on the spreadsheet

Initial estimate

for x

g(x) based on

what’s in B2

the result of the

first try

enter a “pointer” formula to

cell B3 in place of the initial

estimate

this “closes the loop” on the circular calculation
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as soon as you press Enter,

the calculation proceeds by

one iteration

and “Calculate” is shown on

the Status bar to indicate that

you are in an iterative situation

Note: the spreadsheet will

not update automatically

now          you have to

force it to re-calculate with

the F9 [ Calculate ] key

Pressing the F9 key a

few times will cause

the calculation to

converge to the correct

answer (approximately)

since “estimate” x agrees

with “answer” x, the equation

is solved, numerically
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There are (at least) a couple issues here:

1) if you want to reset the calculation to the starting

estimate (0.5) and run through it again, you have

to replace the pointer formula in B2 with 0.5, and

then put the pointer formula back in  -- not convenient!

2) this type of calculation will not always converge

in fact, it might just as likely blow up on you –

what to do if this happens?
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Issue 1:  How to reset the calculation

Enter labels “Reset” in C1

and “Initial” in D1.

Transfer these labels to

cells C2 and D2 as names

[Formulas        Create from Selection       Top Row]

Enter “true” in C2

and 0.5 in D2

Instead of the pointer formula in B2, enter the formula

shown below that uses Excel’s IF function.
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Excel’s IF function:

IF(logical expression, true alternative, false alternative)

a logical expression evaluates to a true/false result

examples:

A1>2

AND(A3=4,A1<=2)

TRUE

FALSE

These are Excel’s

logical constants

relational expression

logical

expression

IF(Reset,Initial,B3)

If the value in Reset is TRUE, the value in cell Initial is

the result, otherwise, the value in cell B3 is the result
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the result, otherwise, the value in cell B3 is the result
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When Reset is TRUE,

and then when Reset is set to FALSE,

and then, after pressing F9 a few times,

we have the solution again.
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Automating the iterative solution

Experimentation with F9 shows that this calculation

converges in about 10 iterations.

Now, if you reset the calculation and enter FALSE again,

the solution should appear without having to press F9.
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Showing the Developer tab

Office Button Excel Options

Popular

This will be necessary for VBA work in the next segment of the course.
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Automating the reset process

Instead of typing TRUE and FALSE repeatedly, we can

automate this with a checkbox directly on the spreadsheet.

click once

on the

checkbox

then drag

out a

rectangle

on the

worksheet

Edit the title
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Automating the reset process

Right-click the boundary

of the checkbox and

click on Format Control...

Type Reset into the

Cell Link field

and click OK.

Click away from the checkbox

field, then

you can control the value in the Reset cell by clicking

the Initialize checkbox on and off.
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Issue 2:  What to do if the calculation blows up

For example, with our original equation,

 

1

x

sinx



solve for the x in the sin(x) term,

1

1

xsin

x











This is an alternate                    form of the same equation.

 

xgx



Try the formula copy technique on this form.

Note: initial estimate

of 0.5 won’t work, but

1.1 (near the solution)

will
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Replace the initial estimate of 1.1 with the pointer formula,

=B3,

Press F9 three times, and . . .

the calculation blows up!

So, when you are setting up a circular calculation, you

always have to rearrange your equation in the

form.  You do this by solving for one of the x’s in the

equation.  If your formulation blows up, you can usually

find one that will converge by solving for one of the other

x’s in the equation.  In other words, we were just lucky

that our first formulation converged to the right answer!

 

xgx


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CSCI 130

Introduction to Engineering Computing

Class meeting #8

Section Test 1,Coverage:  Class #1 through #7 today, 

Labs 1-5, Text, pages 1-274



circular calculations and the iterative solver



solving nonlinear equations



live solution using bisection



spherical tank problem



TABLE function application

Spreadsheet Problem Solving
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What’s behind this convergence and blow-up business?

A typical graph of 

 

gxvsx

will reveal the problem.

x

g(x)

1

x

 

1

gx

2

x

3

x

 

2

gx

the initial estimate, x

1

,

is plugged into g(x) to

yield g(x

1

)

g(x

1

) becomes x

2

,

the next estimate

the pattern repeats:

x

2

is plugged into g(x)

to yield g(x

2

), which

becomes x

3

evidently, the circular calculation is proceeding toward

the solution, indicated by the circle

Note: the solution is where the g(x)

curve intersects the 45-degree line,

shown as a dashed line
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evidently, the circular calculation is proceeding toward
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x

g(x)

1

x

 

1

gx

2

x

3

x

 

2

gx

This is a similar scenario, but with a different g(x) curve.

Notice that the process

is diverging away from

the solution – in other

words, it’s blowing up!

Now, observe what’s

different between the

two examples.

The slope of the g(x)

line in the first example

is less than the slope

of the 45-degree line,

less than 1.

The slope in this example is > 1

The condition required for the solution to converge is

that the absolute value of the slope (or derivative) of

g(x) at or near the solution is less than one.
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Now let’s apply this to a more complicated problem.

Steam in equilibrium with water

Equation of state – the ideal gas law

abs

m

PVRT

MW



Vapor-liquid equilibrium – the Antoine equation

 

10

B

logPA

TC





Temperature scale conversion

abs

TT273.15



Problem to be solved:

m,V

known, find

abs

P,T,T

known parameters:

R,MW,A,B,C

P

pressure, Pa

V

volume, m

3

m

mass, kg

MW

molecular wt, kg/kgmol

R

gas law constant

abs

T

absolute temperature,

Kelvins

T

temperature, degC

A,B,C

Antoine equation

parameters
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Strategy for solution

estimate

T

abs

TT273.15



abs

RT m

P

MWV



abs

T

P

 

10

B

TC

AlogP





T

answer

circular arrangement
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Parameter values

3

Pam
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kgmolK







kg

MW18.02

kgmol



m3.755kg



3

V3.142m



A12.559B2354.7C280.709
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Section Test 1,Coverage:  Class #1 through #7 today, 

Labs 1-5, Text, pages 1-274

 circular calculations and the iterative solver

 solving nonlinear equations

 live solution using bisection

 spherical tank problem

 TABLE function application
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Initial estimate

T0C



Solution using formula copying

converges

quickly!
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Using the iterative solver

Set up the calculation, starting with an estimate of 0 degC

Make sure that the Iterative Solver is set up properly

Enter a pointer formula to Tans in the Test cell instead of

the initial estimate
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First iteration

Press F9 three times

Converged!

And, just like before, we can

add an initialization switch
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And what about another approach to the solution?

estimate

P

abs

TT273.15



abs

PMWV

T

mR







abs

T

T

B

A

TC

P10







P

answer

Looks plausible
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Try it!

ka-boom!

This formulation is unstable and

will not converge to the answer.

That’s the story on solving iterative problems using Excel.
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What is a circular calculation?

Calculation involving

one or many formulas

Answer

“x”

Estimate

“x”

for the solution to be correct,

the 

estimate

“

x

” going into the

calculation has to be equal to

the 

answer

“

x

” coming out of

the calculation

A simple example:

 

1

x

sinx



estimate answer
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Solving single nonlinear equations in one unknown

precautions:

there may be multiple solutions

there may be no solution

there may be one solution that’s hard to find

Simple example

 

1

x

sinx



or

 

xsinx10



 

xgx



form

 

fx0



form

When possible, it’s useful to observe the behavior of f(x)

graphically.
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For most engineering problems, multiple solutions are just

a nuisance, since only one of the solutions will make

physical sense.  That may not be the case in abstract

math problems.

So, we introduce a real problem:

R

V

h

V

h R h



 

 

2

3

3

b g

 

This diagram describes liquid stored in a spherical tank.

Spherical tanks are commonly used.  The volume of

liquid in the tank is related to the inside radius of the tank

and the liquid depth by the equation shown above.  If we

know values for R and h, computing V is straight-forward.
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On the diagram, you will notice a level gauge on the side

of the tank.  This “sight gauge” allows one to measure h.

Then, the procedure would be to use the formula to

compute V.  This is tedious, and may be difficult for

operating personnel that don’t have strong technical

training.  One could then have a graph of V versus h

that could be read to determine V.  This is commonly

done.  A better solution would be to put a scale directly

on the sight gauge that is calibrated in volume.

To make such a scale, we would decide on a set of

volume “tick marks” for the scale and need to know

where to place them.  In other words, we would know

a value of volume, V, and need to find h to mark the

tick.
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Developing a calibration scale for a spherical tank

 

2

h3Rh

V

3

 



The fundamental equation can be rearranged to

the following f(x)=0 form:

32

3V

h3Rh0





or

 

fh0



This is a cubic equation, which will have three roots.

Let’s consider an example to investigate the nature

of these roots.

We will try a radius of 10 feet (3.05m) and a liquid

volume of 500 gal (1.9m

3

).
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the following f(x)=0 form:



or



This is a cubic equation, which will have three roots.

Let’s consider an example to investigate the nature

of these roots.

We will try a radius of 10 feet (3.05m) and a liquid

volume of 500 gal (1.9m3).
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What is a circular calculation?

Calculation involving

one or many formulas







Answer

“x”

Estimate

“x”







for the solution to be correct,

the estimate “x” going into the

calculation has to be equal to

the answer “x” coming out of

the calculation

A simple example:



estimate

answer
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So, if we confine ourselves to the feasible range for h

[from tank empty (h=0) to tank full (h=2R)]

there will be only one root.

Let’s say we start by making two estimates for h that

are certain to enclose or bracket the true solution.

These would be the ones above:  h=0 and h=2R

Then we could evaluate f(h) for each of these estimates.

Editorial note:  Since we have the graph of f(h) vs h,

we can do a much better job of estimating the solution

than these two estimates.  But we usually don’t have

a graph for every solution, so the graph here is just

used as a way to illustrate the method.


Microsoft_Office_PowerPoint_Slide35.sldx
35

35

So, if we confine ourselves to the feasible range for h

[from tank empty (h=0) to tank full (h=2R)]

there will be only one root.

Let’s say we start by making two estimates for h that

are certain to enclose or bracket the true solution.

These would be the ones above:  h=0 and h=2R

Then we could evaluate f(h) for each of these estimates.

Editorial note:  Since we have the graph of f(h) vs h,

we can do a much better job of estimating the solution

than these two estimates.  But we usually don’t have

a graph for every solution, so the graph here is just

used as a way to illustrate the method.







35





5. fue canfine curssliesto e fesste e o
[fom tank sy (+=5)10 okl (2]
el ony oraroot

T we coud evalate ) for sach fhesessiraes.
Sstcrsinets Snasusnaie e e st ven
2 can o et o st ne s
B e S nk e e e

o s S0csen 208 greo P et
SO 2wy o e e menos






image36.emf
36 36

-120.000

-100.000

-80.000

-60.000

-40.000

-20.000

0.000

20.000

0 1 2 3 4 5 6 7

h

f(h)

1

h

2

h

 

1

fh
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2

fh

Notice that f(h

1

) and f(h

2

) are

of opposite sign.  That’s important.

It means that there is a zero

cross-over in f(h) between h

1

and

h

2 

– a solution to the equation.
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Now, we would like a better estimate for the solution, based

on our first two.  A simple method (perhaps the simplest) is

to use the midpoint between h

1

and h

2

.

12

mid

hh

h

2





We can then evaluate f(h

mid

) and see where it’s located

on the graph.
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This is also called

an problem

 

xgx



or a substitution problem

or a fixed-point iteration problem

Note:  by rearranging the above to

 

xgx0



we get a standard equation-solving problem

   

fxxgx0



or an

 

fx0



problem

and we use different methods to solve it (later!)
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Because f(h

mid

) has the same sign (negative) as f(h

2

),

h

mid

can become h

2

the method can be repeated.

mid

h

 

mid

fh

As the method is repeated over

and over again, h

mid

will approach

the true solution.
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This is the basis for the bisection method for finding the

solution of a nonlinear equation.  It is a simple, yet effective

method.  Now, let’s implement it with an Excel spreadsheet.

First, we create column headings and put in the initial

estimates for h

1

and h

2

:
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Next, we need to construct a formula for f(h) that makes

reference to the cell to the left for the value of h.  We do

that for f(h

1

) first.

 

32

3V

fhh3Rh0





Since this formula makes reference to the cell

to the left for h, it can be copied directly for f(h

2

).
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Notice that the signs of f(h

1

) and f(h

2

) are opposite.

That’s good.  It means that there’s a solution in between.

Now, we enter a formula for the midpoint and copy the f(h)

formula to evaluate f(h

mid

).

and

Note that the sign of f(h

mid

) is negative, as is the sign of f(h

2

).

We could have predicted that from our graph.  This means

that h

min

will replace h

2

for the next round (or iteration).
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But, in general, h

mid

will not always replace h

2

.  Consider

the following scenarios:
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The strategy that emerges from these examples is:

h

mid

should replace h

1

if f(h

mid

) is the same sign as f(h

1

)

otherwise

h

mid

should replace h

2

if f(h

mid

) is the same sign as f(h

2

)

To implement this on the spreadsheet, we have to develop

a way to check whether the signs of two quantities, x and y,

are the same, or different.

The easiest way to do this is to check the condition

xy0



If this condition is TRUE, x and y have to have the same sign.

This strategy is now implemented in the second row of the

spreadsheet table using Excel’s IF function.
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Note: a simple counter formula, =A11+1, has been entered

into cell A12.

   

1mid

fhfh0



Select h

mid

if TRUE and h

1

if FALSE

This implements the strategy whether to continue with the

current h

1

or replace it with h

mid

.

And this implements the strategy whether to continue with the

current h

2

or replace it with h

mid

.
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Note: a simple counter formula, =A11+1, has been entered

into cell A12.









Select hmid if TRUE and h1 if FALSE





This implements the strategy whether to continue with the

current h1 or replace it with hmid.

And this implements the strategy whether to continue with the

current h2 or replace it with hmid.
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Notice that, this time, h

mid

replaced h

2

for round 2 of

the method.

The rest of the formulas are “operational” and can

just be copied down to complete the 2nd round.

What should happen in round 3?
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the method.
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We call the first row of the method the initialization row.

It gets things off the ground.

We call the second row of the method the operational row.

It can be copied downward to extend the method many rounds.

The three current estimates, h

1

, h

2

and h

mid

are

quite close now.  We’re approaching the solution.
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