Pop Quiz
Ordinary Differential Equations

UCR Math-046-E01, Summer 2018

1. Solve the following differential equation for x > 0 and with the initial condition
that y(e) = e®*?

/ Y
xy' =yln (—)
y=yng
Notice that this differential equation is homogeneous. So let’s use the substitu-

tion v = y/x where

y—xv Yy —xv+v,

and our differential equation becomes x(xv' + v) = xvIn(v) which should be
separable:

x(xv' +v) = xvin(v)

x*v' = xvin(v) -

1 o1

_— V' =—.
v(n(v)-1) X

Notice that we divided through by v(In(v) —1), so we have to consider the cases
where v(In(v) — 1) = 0 separately. If v = 0, then y = 0 which we can check is not
a solution to our differential equation. If In(v) — 1 =0, then y = ex which isa
solution do our differential equation! This solution doesn’t satisfy our initial
condition condition though, so it’s not the one we're looking for. Integrating
both sides (do a substitution of u = In(v) — 1 on the left-hand side) we get

f f dx
U(lIl(U) - 1)

In(u) =In(x)+C
In(In(v) - 1) =In(Cx)
In(v)-1=Cx
y = xeCrl,

Looking at our initial condition where y(e) = e®*2, we need to find C such that

ee+2 — (e)eCe+1

so C = 1 and our particular solution is y = xe**! on the domain x > 0.

Note that there is another question on the back



2. Solve the following differential equation:

Xy+x*In(x)y=1

We first write this as a first-order linear differential equation

X

y+lnx)y=x"".

Since x > 0, x* is never zero and we can freely divide through by it. Our inte-
grating factor is e/InWdx Then after we remember that JIn(x)dx = xIn(x) — x,
this integrating factor is

p— X - p—
efln(x)dx = eXn-x _ (I g-x _ ,xq x

and our differential equation becomes
y+In(x)y=x""

efln(x)dxy 4 efln(x)dx In (x) y= efln(x)dxx—x

di (efln(x) dxy) _ o/ Indx —x
X
dx (xxe_xy) =xYe *x ¥
o (x%ey)=e "

Then by taking the antiderivative of both sides we get

fdix(xxe_xy) dx:fe_xdx

e fy=C-e*

3 C—-e”*
y= x*e %

3 Ce* -1
y= P

There’s no problem dividing through by e™ since e™* is never zero, so this is
our general solution.
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