Phys 321
Spring 2023

Quantum Theory I: Homework 21
Due: 28 April 2023

1 Spherical coordinate wavefunctions
Consider the following states with corresponding wavefunctions
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where «, 8 > 0 are constants with units of distance.

a) Determine A and B.
b) Determine whether the states are orthogonal.

¢) Suppose that a measuring device can only determine whether the particle will be found
in the region where y > 0 or else in the region where y < 0. Determine whether this
measuring device will yield statistically distinct outcomes for the two states. Hint: first
convert information about this region into spherical coordinates.

d) Consider any position measuring device that gives outcomes that only refer to the di-
rection in which a particle may be located, rather than how far it is located from the
origin. Could any such measuring device yield statistically distinct outcomes for the two
states?

2 Orbital angular momentum operator algebra

The orbital angular momentum operators are defined as:
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a) Show that o R
[Ly, L] = ihi.

Similarly one can show that (do not do these for this problem)



= ﬁ% + i}Z + 12 show that

(L%, L,] =0.
Similarly one can show that (do not do these for this problem)
[L%,2,]=0

for any j = x,y, 2.

Show that
[Le, 3 + 9%+ 2% = 0.

Similarly it can be shown that (do not do these for this problem)
[Lj, 2%+ 9> +2%] =0

for j =y, z and that
(L, +y +02) =0

for any j = x,y, 2.

The Hamiltonian for the isotropic three dimensional oscillator is

T R | 2, 2 s
H = o (b3 + by +52) + gme” (2% + 97 + 2%)..

Show that for the isotropic harmonic oscillator
[H,L;] =0
for any j = x,y, z and that
(7,17 = 0.

What does this imply regarding the angular momentum of the isotropic harmonic oscil-
lator?



3 Angular momentum measurements and wavefunctions

Consider a particle of mass m which is subject to measurements of its components of angular
momentum. In (spherical) position space, the angular momentum operators are:
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In the following we will assume that a particle is in a state which is described by a (spherical)
position space wavefunction with the form

U(r,0,¢) = R(r)Y (0, 9)

where the radial component is normalized

/ |R(r)|?r?dr = 1.
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Suppose that the particle is in a state for which the (spherical) position space wavefunction
is

a) Show that

and determine an expression for L,Y(

b) Show that
LYY (9,9) = K2 Y (0,9)

and determine an expression for L2Y (6, ¢).
c¢) Show that

Note that it can also be shown that (L,) = 0.
d) Show that

AL, =
AL, =

Note that it can be shown that AL, = h/v/2.



e) Consider describing this state in terms of the outcome of angular momentum measure-
ments. Is there any component of angular momentum, for which measurements yield
only outcome with 100% certainty? If so what is it and what is the measurement out-

come?



