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Quantum Theory I: Homework 2

Due: 31 January 2023

1 Repeated Stern-Gerlach experiments

Two Stern-Gerlach devices are arranged as illustrated. The first is oriented in the direction
n̂ = (x̂+ 2ŷ) /

√
5 and is such that the beam corresponding to Sn = +~/2 is blocked. The

second is oriented along the direction ŷ. Neither of its outgoing beams are blocked.

SG n̂

Sn = +~/2

SG ŷ

a) Suppose that a spin-1/2 particle initially in the state |+ẑ〉 is subjected to the first device.
Determine the probability with which it emerges from the leftmost dotted box.

b) Consider a particle that emerges from the first device and which is then subjected to the
second Stern-Gerlach apparatus. List the possible outcomes of the second measurement,
Sy, and the probabilities with which they will occur (for a particle which emerges from
the first device with 100% certainty).

c) Suppose that a spin-1/2 particle is initially in the state |+ẑ〉 prior to the first measure-
ment. Determine the probability with which it yields Sy = +~/2 after the second device.
Determine the probability with which it yields Sy = −~/2 after the second device. Do
these probabilities add to 1? If not, why not?
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2 Repeated Stern-Gerlach experiments, with direction choice

Two Stern-Gerlach devices are arranged as illustrated. The first is oriented in the direction
n̂ = (4x̂+ 3ŷ) /5 and is such that the beam corresponding to Sn = −~/2 is blocked. The
second is oriented along the direction m̂. Neither of its outgoing beams are blocked.

SG n̂ Sn = −~/2

SG m̂

a) Explain, if it exists, the choice of direction m̂ such that all particles emerge from the
second Stern-Gerlach apparatus in the upper output.

b) Explain, if it exists, the choice of direction m̂ such that all particles emerge from the
second Stern-Gerlach apparatus in the lower output.

c) Explain, if it exists, the choice of direction m̂ such that particle are equally likely to
emerge from either output of the second Stern-Gerlach apparatus.

3 Stern-Gerlach cascade

Suppose that a spin half particle is subjected to the following sequence of Stern-Gerlach
apparati: the first stage is a SG x̂ apparatus, the second stage a SG ŷ apparatus for each
first stage output and finally a SG x̂ apparatus for each second stage output. As the particle
passes through the chain it builds a sequence of outcomes, first Sx, second Sy and finally Sx

again.

a) How many possible outputs are there after all of the third stage apparati? List the
sequence of outcomes as the particle passes for each of these final outputs.

b) Suppose that the state of the particle prior to the first apparatus is |+ẑ〉. Determine the
probability with which each sequence of outcomes will occur. Determine the probability
with which the final outcome is Sx = +~/2 regardless of the earlier outcomes. Determine
the probability with which the final outcome is Sx = −~/2 regardless of the earlier
outcomes. Verify that these all satisfy the requirements for any probabilities.

c) Suppose that the state of the particle prior to the first apparatus is |+x̂〉. Determine the
probability with which each sequence of outcomes will occur. Determine the probability
with which the final outcome is Sx = +~/2 regardless of the earlier outcomes. Determine
the probability with which the final outcome is Sx = −~/2 regardless of the earlier
outcomes. Verify that these all satisfy the requirements for any probabilities.
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4 Repeatable vs non-repeatable measurements.

Consider a measuring device, which contains an SG ẑ apparatus combined with a blocking
device on the lower outgoing beam. This is packaged within the dotted box as illustrated.
Suppose that a single particle is sent into the boxed device. The idea will be to subject the
same particle to repeated measurements.

SG ẑ

Sz = +~/2

This apparatus is a measuring device in the sense that it answers the question: “Is Sz = +~/2
for the particle entering the apparatus?” If particle emerges from the dotted box then a
reasonable answer could be “yes.” However, this is only reasonable because the measurement
can be repeated and always yields the same outcomes in the sense described below.

Suppose that a particle which emerges from the dotted box is immediately subjected to the
same device again. (Note: it is important to realize that the same particle is subjected to
both devices. The situation is very different if one particle is subject to the first device and
another particle subject to the second device.)

SG ẑ

Sz = +~/2
SG ẑ

Sz = +~/2

Any particle which emerges from the first boxed apparatus (i.e. answers the question with
“yes”) will emerge with 100% certainty from the boxed second apparatus (i.e. will answer
the question when repeated with “yes” with 100% certainty). One can repeatedly add other
boxed apparati like this and any particle which emerges from the first necessarily emerges
from all the others. This is equivalent to repeatedly asking “Is Sz = +~/2 for the particle
entering the apparatus?” and always receiving the answer “yes.” In this sense it is reasonable
to say that Sz = +~/2 for this particle. This is an example of a repeatable measurement.
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Now consider the composite measurement, involving two blocked SG measuring devices with
different orientations as illustrated.

SG ẑ

Sz = +~/2
SG x̂

Sx = +~/2

This composite SG apparatus (inside the dotted box) may appear as a single measuring
device which asks the question “Is Sz = +~/2 and Sx = +~/2 for the particle entering the
apparatus?” and it may seem that the answer should be “yes” for a particle which emerges
from the combined apparatus.

a) This will only make sense if the measurement is repeatable. That is, one must take
a particle which emerges from the dotted box and feed it back into a second copy of
the entire dotted box. It must emerge with 100% certainty after this repetition for the
measurement to be repeatable. Determine the probability with which a particle that
emerges from the dotted box will do so again if it is fed into another copy of the dotted
box. Is this measurement repeatable? Does it make sense to say that Sz = +~/2 and

Sx = +~/2 for the particle?

b) Based on this result, why do you suspect that we have not tried to describe the state of
a spin-1/2 particle in terms of more than one spin component?
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