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Phys 230
Fall 2013

Intermediate Dynamics: Group Exercises 11

Superpositions of Standing Waves

1 Waves on a string with fixed ends.

A string has fixed ends at z = 0 and = = L. In one particular situation, a snapshot of the
string at £ = Os is illustrated.

a) Does this satisfy the boundary conditions for a string with fixed ends? Does it resemble
any of the known standing waves for a string with both ends fixed?

b) One possibility for describing such situations is via linear combinations, or superposi-
tions, of standing waves. Consider

y(z,t) = Ay sin (k1) cos (wit) + Az sin (kaz) cos (wat)

where k, = nm/L and w, = knv. Show that this satisfies the wave equation and the
boundary conditions for a string with both ends fixed, regardless of the values of A; and
Aj. Consider the displacement of the string at z = L/4. Does this oscillate with one
frequency or not?

¢) Consider the string whose initial displacement is as illustrated.

This could possibly be represented by superposition of standing waves. Suggest which
standing waves for a string with both ends fixed might be able to produce the illustrated
pattern.



d) Consider the string whose initial displacement is as illustrated.

This could possibly be represented by superposition of standing waves. Suggest which
standing waves for a string with both ends fixed might be able to produce the illustrated
pattern.

e) Consider the string whose initial displacement is as illustrated.

This could possibly be represented by superposition of standing waves. Suggest which
standing waves for a string with both ends fixed might be able to produce the illustrated
pattern.

Answer:

a) It satisfies the boundary conditions since clearly y(0,t) =0 and y(L,t) = 0. It does not
resemble o sinusoidel function.

b) First
8%y 24 2
52 —wi Ay sin (k1 z) cos (wit) — ws Ag sin (ka) cos (wat).
Then )
Uza—ag = —v?k% Ay sin (k1) cos (wit) — v2kZAg sin (kax) cos (wat).
Now w; = kv gives
32 ) 2
Eg— = —v?k} A1 sin (k12) cos (wit) — v? k% Az sin (ko) cos (wat) = 02%—2.

So y(z,t) satisfies the wave equation.
Simple substitution shows that y(0,t) = y(L,t) = 0.
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2 Fourier Analysis

A string has fixed ends at £ = 0 and z = L. The displacement along the string at ¢ = 0s is
illustrated below

02| L

L
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Determine the Fourier coefficients for this.

Answer:

The general rule for Fourier coefficients is

2 L . [NTX
A, = T j'; y(z, ) sin (T)dm

Inspection suggest that when n is even the coefficient will be zero. For example, with n = 2,
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The area under the solid curve is clearly zero. In general
i
. (NTL
/0 y(z,0) sin (T)d:r:

[::M Bsin (P%E—)dx
LB L (s

An

i e

L n=m L
_2B [cos (n1r3L) ~ cos (mrSL)]
nw L4 L4
= e (5F) s (22)].
nir 4 4

When n is even the arguments of the cosine functions are odd multiples of /2 and thus
return zero. A table of the lowest few values is
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