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Phys 230

Fall 2013
Intermediate Dynamics: Group Exercises 6
Damped Harmonic Oscillator
1 Damped harmonic oscillator
The equation of motion for a damped harmonic oscillator is
d%x dz 9
Frl + '}’E +wpz = 0. (1)

We shall aim to find damped oscillations described by
z(t) = Ce™™ cos (wt)

where @ > 0 and w > 0 are constants (note that the symbols w and wp are intentionally
different).

a) Assuming this type of solution determine an expression for d_::
. . d*z
b) Determine an expression for prE
c) Substitute these into Eq. (1) and gather all terms with cos (wt) and all with sin {wt).
Determine conditions on « and w such that the resulting equation is satisfied at all

times.

d) Is this solution valid for all values of v and wy?



Exercise 1
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2 Lightly damped oscillations
The amplitude for a lightly damped oscillator is

C(t) = Ce™ /2
where C' is a constant.

a} Determine C(1s)/C(0s).

b) Determine C(2s)/C(1s).

¢) Determine C(t + 1s)/C(t) for any time ¢.

d) Determine -y from the ratio C'(¢t + 1s)/C(¢t) for any time {.

e) Determine vy from the ratio C(t + T)/C(t) where T for any time ¢ but where T is the
period of oscillation.

Answer:

a) From the definition
C(ls) Coe™2
C(0s) ~ Coe="0/2 ©

b) From the definition

C(ls)  Coe="1/2  e=1/2

C@2s) _ Coe™2 e e VT2 = /2,

¢) From the definition

—(t+1)/2 —ytf2—y/2
0

Notice that the fractional reduction in emplitude over any 1 s interval is the same re-
gardless of when the interval staried. Then

In (M) = Iln(e™/?)

C(t)
gives
C{t+1s) 9
(o) =3
and thus

y=—2 ln(‘c%) =21“(5ftcf_)1s))



d} A similar derivation gives

C{t+T) Coe"t+TY2

—T/2
CE Gz ¢

2

cwt)

and this gives
Cit+T) C(t)

y=—z In (W) =% In (m)



3 Determining the damping constant

A graph of position vs. time for a lightly damped oscillator is shown. The time is measured

in seconds.
z(t)

i /;\v/;\\f//xv LN

Delermine vy using the data from the graph.

Answer:

In general the amplitude satisfies
C(t) = Che™ "2

Then
__2 (ck+T)
TETT C@)
Here, witht =0s and T = 4 s, inspection from the graph gives
Ct+T) 1
c@i) 2

Thus 2 [CEt+T) 2 (1
O — _— = ——_— — =-(). —1
! T ln( C(t) ) 4sln(2) 03857,



