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Anisotropic D-dimensional FRW cosmology

Anisotropic D-dimensional FRW cosmology

The Einstein field equations in D spacetime dimensions are

B 87TGD

2 TAB
c

Ga

@ GaPB describes the curvature of
spacetime

@ T8 describes the matter and
energy in spacetime
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Anisotropic D-dimensional FRW cosmology

Anisotropic D-dimensional FRW cosmology

We choose a metric ansatz of the form

ds® = —dt*+2a°(t) [dr* + r? (d6? + sin® 0d¢?) ]| +b°(t)(dyf +dy5 +...+d3)

The stress-energy tensor is assumed to be that of a perfect fluid

TA® = diag [—p(t), p(t), p(t), p(1), Pa(t), -, pa(t)]

where p(t) and py(t) are the pressures of the 3D and
higher-dimensional spaces.
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Anisotropic D-dimensional FRW cosmology

Anisotropic D-dimensional FRW cosmology

The D = d + 4 dimensional Friedmann-Robertson-Walker (FRW) field
equations and the conservation equation are

2 1 b? ab
p = 3—2+7d(d— )b2+3d—b
32 b p? ab
p = 2 + = +db+ d(d )b2 +2d b]
5 a2 b 1 B2 _ab
= —13(Z+% d—1)|~+(d-2)= +3=&
Pd (a+a2)+( )<b+2( )b2+ ab)]

.. b
0 = p+3_(p+p)+d (p+pa)

b
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Anisotropic D-dimensional FRW cosmology

Anisotropic D-dimensional FRW cosmology

By adopting two equations of state of the form

p=wp
Pd =V p,

we obtain the exact differential equation of the form

d 3fdnd n\d|
dt{a dt(ab)]—O
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Anisotropic D-dimensional FRW cosmology

The higher-dimensional scale factor takes the form

b(t) = a"l(t) {’Yl + ’Yo/a(t)(d”_3)dt] 1/d

where 1 and g are constants of integration.

0 2/3 dj(d-1)
We defined the power
2 -3¢
n=
d—(d—1)e .,
where ]
(1-w)
g =
(1-v)
£
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Effective 4D FRW field equations

The FRW field equations can be written in the form

8 1 %
pPo= - (2771+ T]z)**"’@d 1);
1 ;& 1 2 "o
o= ——m (2242 ) - |- - = 2
p 3771< a+32> {dn( M+ 312) 3(771+3772)] <
1 1 2
1+2 d—-1
~30+2m) 5500 -0
_ 1 (2m +3 )7+(2 (m—+3 ))‘i2 +i(d 1) %
Pda = dn m 72 2 T — N2\ 72 2 °d 2
. N Yo
0 = p+3(1+w)5p+(1+v);p

where we defined the higher-dimensional volume element, x(t), as

X(t) = a3bd — a(t)(3—dﬂ) |:’71 + ,yO/a(t)(dn—3)dt:|

Middleton, Brouse, Jackson (CMU) A possible higher-dimensional alternative Physics Seminar 10 /27



Effective 4D FRW field equations

Effective 4D FRW field equations

The FRW field equations can be written in the form

b= D5+02iy n
. .2

ip=02+05+122 428

vo=05+0% +n%

where

1 . f
X(0) = s [+ [ 0@ at] =0
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Effective 4D FRW field equations

Effective 4D FRW field equations

The FRW field equations can be written in the form

b= D5+02iy n
. .2

ip=02+05+122 428

vo=05+0% +n%

where
1 f
_ (dn—3) _ -
t) = ————— + t dt| = -
X( ) a(t)(d"73) [71 70/3( ) :| 70f

@ Remarkably, these equations can be solved exactly!
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General treatment of the effective 4D FRW field equations

General treatment of the effective 4D FRW field equations

The general solution is

1/a a/(l+a)
1 1 LES 1 8
F1/8+. F( @ ,— 71— ; n ):— (14 a)—2 t—t
T+ ) Brox Brd+ <f) ER )5i'yfi (t-00)

where f = + ’yo/a(d”_3)dt

Notice:
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General treatment of the effective 4D FRW field equations

General treatment of the effective 4D FRW field equations

The general solution is

« 1 1 Y1\ 0+ 1 'yl/a o/xe)
FU/B+ . ,F, ( - 11— (2 )77 1 0 t—t
I\ +a) Brox’ ik <f) g \ @0t (t=to)

2 = 5
(Si'yli

where f = + ’yo/a(d”_3)dt

Notice:

@ General solution yields t = t(a) & can’t be inverted to yield a = a(t).
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General treatment of the effective 4D FRW field equations

General treatment of the effective 4D FRW field equations

The general solution is

« 1 1 Y1\ 0+ 1 'yl/a o/xe)
FU/B+ . ,F, ( - 11— (2 ):7 1 0 t—t
P\ +a) Beox Bxdx <f) B+ ol +a) =5 (t=t0)

(Si'yl

where f = + 'yo/a(d”_3)dt

Notice:

@ General solution yields t = t(a) & can’t be inverted to yield a = a(t).

@ Hypergeometric functions, 2F1(a, b; ¢; z), have singularities at z = 0,1, and oo, which can
be expanded about to yield approximate solutions.
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General treatment of the effective 4D FRW field equations

The general solution is

1/a a/(l+a)
1 1 ot 1 8
£1/8+. F( - i1— (2 ):— (14 a)—2 t—t
T+ ) Brox Brd+ (f) ER )Ji'yfi (t-00)

where f = + 'yo/a(d”_3)dt

Notice:

@ General solution yields t = t(a) & can’t be inverted to yield a = a(t).

@ Hypergeometric functions, 2F1(a, b; ¢; z), have singularities at z = 0,1, and oo, which can
be expanded about to yield approximate solutions.

@ These approximate solutions equate to the perturbative solutions of the fluid (near z ~ 1)
& volume regimes (near z ~ 0 & z ~ o0).
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The fluid regime

Here we are interested in the approximate solution when

P> E* > ry—o as — >> E and 1 > 'yo/a(t)(d"_3)dt

In this regime, the field equations take the form

/03

p = 7712+[] +[]

p = —;771<2+2) []'—Of—&-[]
2

po = 02405402
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The fluid regime

To lowest order, the 3D and higher-dimensional scale factors take the form

v

a(t) = 5t2/30+%)
b(t) = bot=2"30+%)  for i £ —1

) 1/d
where by = ’yln
9o

expansion of 3D, Dyn

Decelerated expansion of 3D, Decelerated expansion of dD

I Accelerated expansion of 3D, Decelerated expansion of dD

The fluid regime solution...
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The fluid regime

To lowest order, the 3D and higher-dimensional scale factors take the form

v

a(t) = 5t2/30+%)
b(t) = bot=2"30+%)  for i £ —1

) 1/d
where by = ’yln
9o

expansion of 3D, Dyn

Decelerated expansion of 3D, Decelerated expansion of dD

I Accelerated expansion of 3D, Decelerated expansion of dD

The fluid regime solution...
@ closely mimics that of standard 4D FRW cosmology.
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The fluid regime

To lowest order, the 3D and higher-dimensional scale factors take the form

v

a(t) = 5t2/30+%)
b(t) = bot=2"30+%)  for i £ —1

) 1/d
where by = ’yln
9o

expansion of 3D, Dyn

Decelerated expansion of 3D, Decelerated expansion of dD

I Accelerated expansion of 3D, Decelerated expansion of dD

The fluid regime solution...
@ closely mimics that of standard 4D FRW cosmology.
@ gives rise to a late-time accelerated expansion driven by vacuum energy.
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The fluid regime

To lowest order, the 3D and higher-dimensional scale factors take the form

v

a(t) = 5t2/30+%)
b(t) = bot=2"30+%)  for i £ —1

) 1/d
where by = ’yln
9o

Il Decelerated expansion of 3D, Dynamical compacification of dD
Decelerated expansion of 3D, Decelerated expansion of dD

I Accelerated expansion of 3D, Decelerated expansion of dD

The fluid regime solution...
@ closely mimics that of standard 4D FRW cosmology.
@ gives rise to a late-time accelerated expansion driven by vacuum energy.
@ becomes valid in the early universe following an even earlier. volume regime solution:
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The volume regime

The volume regime

Here we are interested in the approximate solution in the regime® when

2 .
a
p K E* ~ lg as — ~ Yo and 71 < vo/a(t)(d”_3)dt
X a X

In this regime, the field equations take the form

p = 7712+[]%a+[]
o= —gm(22+ )+[]”°"’ 0%
po = 13405+0%

2 . . . .
with the unique exception of one of two solutions for d = 1.
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The volume regime

The volume regime

To lowest order, the 3D and higher-dimensional scale factors take the form

a(t) — aotl/(3—do¢i) T
b(t) — bot—ai/(3—dai) o ;u.,l.“....]:....z;
1/d . !
o= (12) =
Biad o

The volume regime solutions...

3Phys. Rev. D 21, 2167 (1980
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The volume regime

The volume regi

me

To lowest order, the 3D and higher-dimensional scale factors take the form

a(t) = ap t1/(3-dax)

b(t) = bot~+/B-dox)

where by = <

0
Brag

The volume regime solutions...

@ generalize the D-dimensional vacuum solutions of Chodos

>1/d

3Phys. Rev. D 21, 2167 (1980
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The volume regime

The volume regime

To lowest order, the 3D and higher-dimensional scale factors take the form

L

® 0, /G-da,)
o 1/3-da,)

a(t) = ap t1/(3-dax)

b(t) = bot~+/(—dax)
1/d .
"o
here by = | ——= M
" 0 <ﬁiag> 1 S UUUUUDR

The volume regime solutions...
@ generalize the D-dimensional vacuum solutions of Chodos and Detweiler?
@ yield decelerated contraction for the 3D scale factor and decelerated expansion for
higher-dimensional scale factor.
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The volume regime

The volume regime

To lowest order, the 3D and higher-dimensional scale factors take the form

L

® 0, /G-da,)
o 1/3-da,)

a(t) = ap t1/(3-dax)

b(t) = bot~+/(—dax)
1/d .
"o
here by = | ——= M
" 0 <ﬁiag> 1 S UUUUUDR

The volume regime solutions...
@ generalize the D-dimensional vacuum solutions of Chodos and Detweiler?
@ yield decelerated contraction for the 3D scale factor and decelerated expansion for
higher-dimensional scale factor.
@ yield decelerated expansion for the 3D scale factor and decelerated contraction for
higher-dimensional scale factor.

3Phys. Rev. D 21, 2167 (1980
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The volume regime The uniquely special case of the 5D solution

The uniquely special case of the 5D solution

For d = 1, the regime of validity is dictated by the strong inequalities

.2 . .

a a a

- <pr~ 2 6 2 < 2 and "< yo/a(t)(”*3)dt
a X a a X

In this regime, the field equations take the form

Yo a
J— R 377
p "132+ X a
P
~ a a4 Yo
P = 3771< a+a2)+

i 3
= -3(2+2)
a a
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BRI ENCETGEI  The uniquely special case of the 5D solution

The uniquely special case of the 5D solution
Keeping the first-order correction term, the 3D scale factor takes the form

a(t) = ap [1 + mt(l"’)}

where the Hubble parameter and acceleration take the form

i- _ poag(v—w) .

a 3f}/(()l-&-v)

a _ .Mt—um
a 37(()1+v)

This d = 1 volume regime solution...
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The volume regime The uniquely special case of the 5D solution

The uniquely special case of the 5D solution
Keeping the first-order correction term, the 3D scale factor takes the form

a(t) = ap [1 + nt(l"’)}

where the Hubble parameter and acceleration take the form

i- _ poag(v—w) .

a 3f}/(()l-&-v)

a _ .Mt—um
a 37(()1+v)

This d = 1 volume regime solution...

@ features a Hubble parameter that increases from an initial value of zero and drives the
earliest expansion of the 3D scale factor from an initial constant value for v < 0.
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The volume regime The uniquely special case of the 5D solution

The uniquely special case of the 5D solution
Keeping the first-order correction term, the 3D scale factor takes the form

a(t) = ap [1 + nt(l"’)}

where the Hubble parameter and acceleration take the form

é _ poag(v—w) .

a 3f}/(()l-&-v)

a _ .Mt—um
a 37(()1+v)

This d = 1 volume regime solution...

@ features a Hubble parameter that increases from an initial value of zero and drives the
earliest expansion of the 3D scale factor from an initial constant value for v < 0.

@ exhibits accelerated expansion for any 3D EoS parameter, w, for v < 0, which diverges for
vanishing small time.
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A possible 5D alternative to scalar-field inflationary theory

A possible 5D alternative to scalar-field inflationary theory

Inserting the perturbative solutions into the strong inequalities

- t\%l’ (1)
1> <t\lz“>(1+v) <§Ot2/::1+w)>3(1+v~v) )
1< (thl,i) <§0t2/j:1+ﬁ/))(3—n) )
where
tyol,; = %ag*"
Now...
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A possible 5D alternative to scalar-field inflationary theory

A possible 5D alternative to scalar-field inflationary theory

Inserting the perturbative solutions into the strong inequalities

- t\%l’ (1)
1> <t\lz“>(1+v) <§Ot2/::1+w)>3(1+v~v) )
1< (thl,i) <§0t2/j:1+ﬁ/))(3—n) )
where
tyol,; = %ag*"
Now...

@ when (1) becomes satisfied, the volume regime solution is ‘turned on’.
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A possible 5D alternative to scalar-field inflationary theory

A possible 5D alternative to scalar-field inflationary theory

Inserting the perturbative solutions into the strong inequalities

- t\%l’ (1)
1> <t\lz“>(1+v) <§Ot2/::1+w)>3(1+v~v) )
1< (thl,i) <§0t2/j:1+ﬁ/))(3—n) )
where
tyol,; = %ag*"
Now...

@ when (1) becomes satisfied, the volume regime solution is ‘turned on’.

@ when (2) is no longer satisfied, the volume regime solution is ‘turned off’.
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A possible 5D alternative to scalar-field inflationary theory

Inserting the perturbative solutions into the strong inequalities

- t\%l’ (1)
1> <t\lz“>(1+v) <§Ot2/::1+w)>3(1+v~v) )
1< (thl,i) <§0t2/j:1+ﬁ/))(3—n) )
where
tyol,; = %ag*"
Now...

@ when (1) becomes satisfied, the volume regime solution is ‘turned on’.
@ when (2) is no longer satisfied, the volume regime solution is ‘turned off’.
@ when (3) becomes satisfied, the fluid regime solution is ‘turned on’.
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A possible 5D alternative to scalar-field inflationary theory

A possible 5D alternative to scalar-field inflationary theory

Inserting the perturbative solutions into the strong inequalities

tvol,i

t

v ~ Y 3(1+w
1> (tvm,,-)(” > (aot2/3(1+w)> e
t ao

tool; 5. 2/3(1+i)\ G
1< ( vol, ) (30 )
t ao

_ 71 3-n
t, L= —a,
vol, o
! 0

1>

where

Now...
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A possible 5D alternative to scalar-field inflationary theory

A possible 5D alternative to scalar-field inflationary theory

Inserting the perturbative solutions into the strong inequalities

tvol,i

t

v ~ Y 3(1+w
1> (tvm,,-)(” > <30t2/3(1+w)> e
t ao

tool; 5. 2/3(1+i)\ G
1< ( vol, ) (30 )
t ao

_ 71 3-n
t, L= —a,
vol, o
! 0

1>

where

Now...

@ we hypothetically set this constant equal to the Planck time: t,o) ;= tp ~107% s,
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A possible 5D alternative to scalar-field inflationary theory

A possible 5D alternative to scalar-field inflationary theory

Inserting the perturbative solutions into the strong inequalities

tvol,i

t

v ~ Y 3(1+w
1> (tvm,,-)(” > <30t2/3(1+w)> e
t ao

tool; 5. 2/3(1+i)\ G
1< ( vol, ) (30 )
t ao

_ 71 3-n
t, L= —a,
vol, o
! 0

1>

where

Now...

@ we hypothetically set this constant equal to the Planck time: t,o) ;= tp ~107% s,

@ parameterize ag = 10™, where we expect m ~ —30, —31.
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A possible 5D alternative to scalar-field inflationary theory

A possible 5D alternative to scalar-field inflationary theory

Equations (2) and (3) can be written as

v
T T T T —m=-25
ol 1 —m=-2
(1-v) —m=-27
t
— 109 — m=-28
1> . where tyol f = 109s .t 1 .
vol,f q —mes
~(1+a) e
t o —40} 1 — m=-31
1K t— where tf|u,i =10°Ps me -3
flu,i -45 . /\‘ J —m=-33
08 ~06 04 ~02 00
v
0 T T T T - —m=-25
m=-26
-10 1 — m=-27
Notice — m=-28
] —m=-29
— m=-30
—m=-31
m=-32
—m=-33
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A possible 5D alternative to scalar-field inflationary theory

A possible 5D alternative to scalar-field inflationary theory

Equations (2) and (3) can be written as

v
‘ ‘ ‘ q = m=-25
a0l ] m=-26
. (1-v) —m=-27
1> " where t,q ;= 109s | ] e
vol,f q —m=-29
7(1«#04) — m=-30
t o —40} 1 — m=-31
1K t— where tf|u,i =10°Ps me -3
flu,i s TN J —m=-33

-0.8 —0.6 -04 —02 00

v

0 T T T T o —m=-25
m=-26
-10 1 —m=-27
Notice — m=-28
. . ] —m=-29
@ For m < —33, the volume regime solution " e
turns off before the Planck time. 1 _meos
m=-32
— m=-33
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A possible 5D alternative to scalar-field inflationary theory

A possible 5D alternative to scalar-field inflationary theory

Equations (2) and (3) can be written as

v
. . . o —m=-25
a0l ] m=-26
. (1-v) —m=-27
— q — m=-28

1> . where tyol f = 109s .t "
vol,f q —m=-29
7(1«#04) — m=-30
t —40 - 1 — m=-31
1< F— where tq, ; = 10P s 32
flu,i s TN J —m=-33

-0.8 —0.6 -04 —02 00
v

0 . . . . - —m=-25
m=-26
-10 1 — m=-27
Notice —m=-2
] —m=-29
@ For m < —33, the volume regime solution " 71::_30
turns off before the Planck time. 1 _meos
@ For m > —25 the fluid regime solution m=-32
doesn't turn on until after t = 1s. —m=-3
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Conclusion

Conclusion

@ The fluid regime solution...

o closely mimics that of standard 4D FRW cosmology.

e gives rise to a late-time accelerated expansion driven by vacuum energy.

e becomes valid in the early universe following an even earlier epoch of
volume regime validity.
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@ The fluid regime solution...

o closely mimics that of standard 4D FRW cosmology.

e gives rise to a late-time accelerated expansion driven by vacuum energy.

e becomes valid in the early universe following an even earlier epoch of
volume regime validity.

@ The volume regime solution in 5D...

e gives rise to an early-time accelerated expansion for any value of the
3D EoS parameter, w, when v < 0.

@ is shown to naturally turn on and off, hence possibly offering a graceful
exit from an inflationary epoch.
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Conclusion

Conclusion

@ The fluid regime solution...

o closely mimics that of standard 4D FRW cosmology.

e gives rise to a late-time accelerated expansion driven by vacuum energy.

e becomes valid in the early universe following an even earlier epoch of
volume regime validity.

@ The volume regime solution in 5D...

e gives rise to an early-time accelerated expansion for any value of the
3D EoS parameter, w, when v < 0.

@ is shown to naturally turn on and off, hence possibly offering a graceful
exit from an inflationary epoch.

@ The time scales describing these phenomena fall within a tiny fraction of Is,
when the fundamental constants of this theory are aligned with the Planck
time.
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