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Outline...

" Length in 2D space

= Special relativity & the relativity of simultaneity
» ‘Length’ in 4D spacetime

= Spacetime diagrams & light cones

» The Schwarzschild solution & black holes



2D Euclidean Space

Line element in Euclidean space...

lim As®= Az? + Ay?
A—0
or

[als2 = dz° + dyﬂ

. ds” is the line element measuring
length



Rotations in 2D Euclidean Space

Line element in Euclidean space...

[als2 = dz° + dyﬂ
= dx'* + dy'* = ds”?

. ds” is the line element measuring
length

. ds?is invariant under rotations



Einstein’s theory of special relativity
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4D Minkowski Spacetime

ct

Event B Line element in Minkowski (flat) spacetime

Lals2 = —c2dt? + dz? + dy? + dzﬂ

>

et A -ds® is the line element measuring ‘length’



4D Minkowski Spacetime

ct

Event B Line element in Minkowski (flat) spacetime

[als2 = —cdt? + de}

> T

et A -ds® is the line element measuring ‘length’



Spacetime diagrams

ct Ct/

Event B Consider a primed frame moving
relative to the unprimed frame...




Lorentz Boosts in
4D Minkowski Spacetime

Line element in Minkowski (flat) spacetime

[als2 = —cdt? + de}
_CthIQ + dCEl2 - dS/Q

cAt

S—, v— > x
2 . . . ¢ ’
ds” is the line element measuring ‘length
R : . A
- » ds” is tnvariant under ‘rotations’



Consider radial null curves (6 & ¢ = const, ds’ = 0)...

Particle’ s
worldline




Consider radial null curves (6 & ¢ = const, ds’ = 0)...

ds’ = 0 = —c2dt? + dr? ct

->world line of a light beam!

dt
— =41
Particle’ s

For 2 events.. worldline

ds® = 0 : lightlike separation




Consider radial null curves (6 & ¢ = const, ds’ = 0)...

Particle’ s
For 2 events.. worldline

ﬁV

ds® = 0 : lightlike separation

ds®’ < 0 : timelike separation



Consider radial null curves (6 & ¢ = const, ds° = 0)...

ds® =0 = —c*dt? + dr?

->world line of a light beam!

Particle’ s
For 2 events.. worldline

ds® = 0 : lightlike separation
ds®’ < 0 : timelike separation

ds® > 0 : spacelike separation

As? =0

As? >0

ﬁV



Consider radial null curves (60 & ¢ = const, ds’ = 0)...

ds? = 0 = —c?dt? + dr? ct
->world line of a light beam! As® <0
dt
— =41
Particle’ s
For 2 events.. worldline

As? =

As? >0

ds® = 0 : lightlike separation
ds®’ < 0 : timelike separation

ds® > 0 : spacelike separation

[Massive particles follow timelike world lines!}
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Lorentz Boosts in
4D Minkowski Spacetime
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Consider 2 timelike separated
events...
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Lorentz Boosts in
4D Minkowski Spacetime

ct
A
Consider 2 timelike separated
events...
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Lorentz Boosts in
4D Minkowski Spacetime
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Lorentz Boosts in
4D Minkowski Spacetime
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Lorentz Boosts in
4D Minkowski Spacetime
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Notice:

e tp>1t1xg
2 ° t/B >ti4
o th >t

Event B

(, )

> | Time ordering is preserved
between timelike separated
\ events! D,




Lorentz Boosts in
4D Minkowski Spacetime
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Consider 2 spacelike separated
events...

Notice:
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Lorentz Boosts in
4D Minkowski Spacetime

ct Ct/

Consider 2 spacelike separated
events...

Notice:
e tp>1t1xg
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Lorentz Boosts in
4D Minkowski Spacetime
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Lorentz Boosts in
4D Minkowski Spacetime
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Spacetime diagram & light cones
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Spacetime diagram & light cones

\

act

Minkowski line element in

\

spherical coordinates...

Particle’ s
worldline

\ [ds2 = —cAdt? + dr® + rdeZ}
Future Light Cone y Notice:
Past Light Cone  For constant time slice,

/ spherical wave front

 Light cone is a one-way
surface




Spacetime diagram & light cones
sct

A | Minkowski line element in
\ / spherical coordinates...
\ [ds2 = —cAdt? + dr* + rzdﬂﬂ
Particle’ s . S
e laline uture Light Cone No tice:
Y : :
Past Light Cone * For constant time slice,
/ spherical wave front
9 « Light cone is a one-way
surface

* Global arrangement of light
cones determine causal
Y structure of spacetime




Einstein’s theory of general relativity

. 8t e
pr — T 4 Lpv
C
« Gvdescribes the curvature of
spacetime

e 1, describes the matter &
energy in spacetime

" Matter tells space A

how to curve

Space tells matter
\ hOW tO move / Sean M. Carrol, Spacetime and Geometry: An Introduction to

Einstein’s General Relativity (Addison Wesley, 2004) ¢




The spherically-symmetric, time-independent,
vacuum solution to GR is...

1
ds®> = — (1 — 2GM> dt? + (1 — 2GM> dr? + r?d?

c2r

Let:
flr)=1-

Notice:

I — 0 :singularit
r—>2g§\l4/02 f(r) singularity
lim f(r) — oo : singularity

r—0
o [ )



Coordinate vs physical singularities...

Calculate an invariant scalar quantity:

2OGM \ 2
_ afB~o
{I = Rapyp B =12 ( cr3 ) }

Notice:
_ 12 : : :
Jim ». I— R well behaved (coordinate singularity)

limI — oo : divergent (physical singularity)

r—0



Coordinate vs physical singularities...

Calculate an invariant scalar quantity:

2OGM \ 2
_ afB~vo
{I = Rapyp B =12 ( cr3 ) }

Notice:
, 12 : : .
- Jim ». I— R well behaved (coordinate singularity)

limI — oo : divergent (physical singularity)

r—0

The Schwarzschild coordinate system is pathological
at r = 2GM/c’> & MUST be abandoned there!




Black holes...

= For fixed radius R...

(r =0) — hen M Ry
y G
» For M, ~3-4 M, star collapses to a black hole!

= Black holes have an event horizon (a.k.a. Schwarzschild
radius):

» Black holes don’t suck!

(External geometry of a black hole e
is the same as that of a star or planet) [N

eese N

http://www.universetoday.com/33454/how-do-black-holes-form/



Radial plunge of an experimental physicist..

2R, [ r 3/2 .
= (R_s) - Proper time
o, B[ 2 (L)S/Z_Q(_> o |V R .
=ttt 173\ & R. ViR —1]|| oordinate time
Notice:
N )
lim 7 — finite
r—Rg

lim ¢t — o0
k7“—>RS )

It takes a finite amount proper time, t, to reach r = R, but
an infinite amount of coordinate time, t !



Consider radial null curves (0 & ¢ = const, ds° = 0)...

ds’> =0 = — (1— QGM) dt? + <1—

c2r
ct
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-> world line of a light beam!
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|
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Notice: o 26M S

dt c?
lim ¢c— — £+
r— R, d?“
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ct
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Consider radial null curves (0 & ¢ = const, ds° = 0)...

ds’> =0 = — (1— QGM) dt? + <1—

c2r
ct

A

-> world line of a light beam!

dt 1
{‘E N MJ

2G M
c2r

|
) dr?

)

Notice: .

dt c?
lim ¢c— — £+
r— R, d?“

oGM




Consider radial null curves (0 & ¢ = const, ds° = 0)...

ds’> =0 = —

c2r
ct

-> world line of a light beam!

dt 1
{dr - MJ

(1 — QGM) cdt?

2GM\
—|—<1— G ) dr?

c2r

NS

Notice: o 2GM /

dt Ce
lim ¢c— — £+
r— R, d?“




Consider radial null curves (0 & ¢ = const, ds° = 0)...

ds’> =0 = —

(1_

-> world line of a light beam!

dt 1
{dr - MJ

Notice:

Ry =

dt
lim ¢c— — £+
r— R, d?“

2G M
G )CthQ

c2r

ct
A

20GM\ 1
G)dr2

c2r

+(1-

R

2GM /

c2




Consider radial null curves (6 & ¢ = const, ds° = 0)...

ds’> =0 = — (1— 2GM) dt? + <1—

c2r
ct

A

-> world line of a light beam!

dt 1
{% N M)}

2GM

|
> dr?

)

Notice: o 26M S
dt T
lim ¢c— — +o0
r— R, dT

. [ Light cones “close up”™ at r = 2GM/c?! }




In Eddington-Finkelstein Coordinates...

2GM
d32:():_<1_ G

c2r

) dv® + 2dvdr

The slope of the light cone structure of spacetime is...
/d/U O (. o )\ v

- = 11120111 4
d’r’ Y g g

dv B 2
dr — (1-— 26M
\ ( cer ) /
Notice
o I
d_"r'>Rs T (07 _I_)
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2GM
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In Eddington-Finkelstein Coordinates...

2GM
d32:():_<1_ G )dv2+2dvdr

c2r

The slope of the light cone structure of spacetime is...

( do N For r < 2GM/¢?,
I 0 , (ingoing) f . light cones tip
dv 9 | over!
dy (1 — 2o
\ ( CAF ) /
Notice
o N \é
1 r — 07
dr‘ >r, = (0,+)
d'U : >
Clren. = (0,-) T A :




In Eddington-Finkelstein Coordinates...

2GM
d32:():_<1_ G )dv2+2dvdr

c2r

The slope of the light cone structure of spacetime is...

( do N For r < 2GM/¢?,
I 0 , (ingoing) f . light cones tip
dv 9 | over!
dy (1 — 2o
\ ( c4r ) / /
Notice Z A
o R /) /
d_‘r>R3 — (O7+) "‘/
dv ! Va "
d—‘r<Rs = (0, ) r=20 2GM 7 4




In Eddington-Finkelstein Coordinates...

Notice:

[%n—m - <o,oo>}

r = 2GM/c? is the Event Horizon
= one-way surface

| way

ONE

v




In Eddington-Finkelstein Coordinates...

Notice:

[%n—m - <o,oo>}

r = 2GM/c? is the Event Horizon
= one-way surface

For r < 2GM/c>...
all future-directed paths are
in direction of decreasing r!

| way

ONE

=V



In Eddington-Finkelstein Coordinates...

2GM
ds® = — (1 — G ) dv? + 2dvdr + r?dQ?

c2r

For r < 2GM/c?, r = const...

v
4

ds® > 0 : spacelike separation

v




In Eddington-Finkelstein Coordinates...

2GM
ds? = — (1 — G ) dv? + 2dvdr + r?dQ?

c2r

For r < 2GM/c?, r = const...

v
1

ds® > 0 : spacelike separation

- \
The r = 0 singularity is /\ ;
NOT a position in space, .
but rather a moment in time! |
\ ) As

v




Conclusions

Classical general relativity predicts...
 the ultimate collapse of sufficiently massive stars to black holes

 aradially infalling observer reaches the r = 0 singularity in a
finite proper time interval

* anr =0 ‘moment in time’ singularity



Coordinate Singularity 1.e.

2D Line element in polar coordinates..

Perform a coordinate transformation...
r=a’lr
oD Line element becomes..

ds -

Pl Notice:
limds®> — o

r'—0

dr




Einstein’s theory of special relativity

Two Postulates:
1. The laws of physics are the same in all inertial reference frames

2. The speed of light in a vacuum is equal to the value c,
independent of the source.



Einstein’s theory of special relativity

Two Postulates:

1. The laws of physics are the same in all inertial reference frames

2. The speed of light in a vacuum is equal to the value c,
independent of the source.

Consequences:

1. Time dilation

2. Length contraction

3. Relativity of simultaneity



Line elements are invariant under
coordinate transformations...

The flat line element in Cartesian coordinates

[als2 = —c?dt? + dz? + dy* + dzﬂ

perform a coordinate transformation to spherical coordinates

ZA

[ds2 — —Pdt? +dr? + TQdQQJ

Same spacetime ‘length’,
Sy only coordinates have changed!

$ | — GR is coordinate independent



3D Euclidean Space

Line element in Euclidean space...

ds® = dz?* + dy® + dz?
| |

Az * ds?is the line element measuring
W length

e ds?is invariant under rotations



